Abstract. The dynamic aeroelastic effects on wings modified with bio-inspired leading-edge (LE) tubercles are examined in this study. We adopt a state-space aeroelastic model via the coupling of unsteady vortex-lattice method and a composite beam to evaluate stability margins as a result of LE tubercles on a generic wing. The unsteady aerodynamics and spanwise mass variations due to LE tubercles have counteracting effects on stability margins with the former having dominant influence. When coupled, flutter speed is observed to be 5% higher, and this is accompanied by close to 6% decrease in reduced frequencies as an indication of lower structural stiffness requirements for wings with LE tubercles. Both tubercle amplitude and wavelength have similar influences over the change in flutter speeds, and such modifications to the leading-edge would have minimal effect on stability margins when concentrated inboard of the wing. Lastly, when used in sweptback wings, LE tubercles are observed to have smaller impacts on stability margins as the sweep angle is increased.
Introduction
The motivation to evaluate the influence of leading-edge (LE) protuberances on wing performance is inspired by the works of marine biologists on the morphology of humpback whales [1, 2] (Figure 1 ). Despite their huge body masses, these sea mammals are particularly agile under water and are capable of performing rolls and loops. Numerous simulations [3, 4, 5, 6] and experiments [7, 8, 9, 10] have been conducted to study the roles these LE tubercles play in the resulting fluid dynamics. In particular, it has been observed that LE tubercles are capable of delaying stall and increase lift in the post-stall regime, with further claims of noise reduction with the presence of LE tubercles [11, 12] . Driven by these positive findings, there is great interest in applying the concept on aircraft wings, wind and industrial turbines blades [13, 14, 15] to take advantage of improved post-stall aerodynamic performances. However, most of these wings/blades are flexible and an understanding of how LE tubercles affect aeroelastic stability margins is needed. To the best of the authors' knowledge, there has not been an examination on the aeroelastic effects brought about by LE tubercles on wings.
The earliest work investigating the aerodynamic characteristics of LE tubercles was by Watts and Fish [5] using a panel method that showed a 4.8% increase in lift over baseline rectangular wings. Subsequent numerical simulations also confirmed the finding through higher-fidelity numerical methods [16, 17, 18, 19, 20] . These were accompanied by experiments on both full-and semi-span rectangular planforms in either wind [21, 8, 22] or water tunnels [23] . In general, LE tubercles are capable of delaying stall by up to 40% [21] , which can be attributed to the delay of flow separation towards [14] .
the trailing-edge behind tubercle crests. It has been observed that cavitations occur in the troughs, and the tubercles create vortical structures that impose downwash on the crests to delay stall. Each tubercle can be perceived as a small delta wing having a rounded apex that produces a separated LE vortex on the upper (suction) surface of the tubercle at high angles-of-attack (AoA). This produces a net downwash over each crest and a net upwash over each trough. As a result, localized upwash in the troughs generate higher effective AoA and earlier separation as compared to the peaks [16] .
LE tubercles are also observed to reduce the point of maximum lift [8] and increase the region of post-stall lift at the expense of reduced lift in the pre-stall regime for semi-span models [7] . On delta wings, tubercles are further observed to foster flow reattachment and eradicate most of the negative effects of flow separation [13] . The effects of tubercle geometry on aerodynamic performance have also been investigated [9] and it was found that tubercle amplitude has a larger effect on post-stall characteristics as compared to the tubercle wavelength. A larger tubercle amplitude is characterized by a more gradual stall, smaller maximum lift, lower pre-stall lift-slope and higher poststall lift. However, it was also found that [24] through optimizing the amplitude and wavelength of the tubercles, pre-stall lift can be maintained with improved post-stall performances.
Flow visualization using dye and tuft have also been performed [9] that showed flow over tubercles remaining attached beyond stall and that separation is concentrated to the leading-edge of troughs. The sensitivity of flow separation to various tubercle configurations was also investigated using hydrofoils [25] at low Reynolds numbers through particle-image velocimetry (PIV) measurements [26] . Apart from these studies that mainly focused on steady flows, Ozen and Rockwell [23] provided flow visualizations of a flapping rectangular wing with LE tubercles, demonstrating passive control of flow structure inboard of the wing. These studies, however, have all treated the lifting surfaces as rigid bodies and no fluid-structure interactions were considered. In particular, detailed aeroelastic analysis is currently lacking and would be necessary if LE tubercles were to be applied to aircraft, energy and industrial applications [27, 28, 29] .
In this study, we aim to investigate aeroelastic stability margins due to the presence of LE tubercles on rectangular wings. This will shed light on the design of LE tubercles such that improved post-stall performance can be achieved with an understanding of how pre-stall stability is affected. Particularly, in the pre-stall regime, instability (flutter) on wings is likely due to slenderness and the rear positioning of the centre-of-gravity. Also, it has been shown that the lift slope at low AoA (below 12
• ) for configurations with LE tubercles is within 5% of linear aerodynamic theory [21] . Therefore, we approach the problem by adopting a state-space aeroelastic model coupling the unsteady vortex-lattice method (UVLM) with a composite beam. The state matrix is then used to evaluate stability margins with a model of a typical aeroelastic wing. A brief introduction of the aeroelastic formulation will first be presented in Section 2, which is written in a state-space form to allow eigenvalue analysis and is numerically verified in Section 3.1. Subsequently, the stability of a flexible wing with LE tubercles is investigated in Section 3.2, with suggestions on tubercle placement for minimal impact on stability. Swept wings with LE tubercles are then considered in Section 3.3 to investigate the effects of different tubercle configurations in increased spanwise flow conditions on stability margins.
Aeroelastic Formulation
The aeroelastic description is based on the integrated framework for the Simulation of High Aspect Ratio Planes (SHARP), which has been previously developed to study the dynamics of flexible aircraft [30] and wind turbines [31, 32] for linear stability analysis, time-marching simulations and control synthesis.
A composite beam is used to represent the dynamics of the flexible structure as shown in Figure 2 . The structural description is capable of accounting for large static and transient deformations, and an appropriate cross-sectional methodology is implemented to reduce three-dimensional structures to a one-dimensional representation. The nodal displacements and rotations from the finite element discretization is represented by η. For stability analysis, the structural equations of motion (EoM) are linearized about a steady-state equilibrium η 0 . The incremental form of the beam EoM (without rigidbody motion) can be expressed as
where M and K are the mass and stiffness matrices, respectively, and structural damping is not included as it is assumed to be small as compared to aerodynamic damping. External forces are given by Q ext , which can be used to represent aerodynamic forces. The unsteady aerodynamics are modeled using the discrete-time UVLM [33] with a planar wake to capture the non-stationary aerodynamics in low-speed and high Reynolds number attached-flow conditions. In the UVLM, vortex rings are used as the fundamental solutions and are located in lattices to represent the lifting surface, as shown in Figure 2 . Neumann boundary conditions are subsequently imposed for zero normal velocity at each collocation point due to vortices and motion of the lifting surface. This is given by
where Γ b and Γ w are the bound and wake vortex circulations, respectively. The influence coefficients A c,b and A c,w are resolved using the Biot-Savart law, relating the induced normal velocities at collocation points to the bound and wake vortices, respectively. The downwash at collocation points w = w η + w δ is generated by the motion of the lifting surface (mapped from structural deformations) and external disturbances (e.g., gust profiles). Each vortex ring in the wake that is shed from the trailing edge has a chordwise length of U ∞ × ∆t, where U ∞ is the freestream velocity. The time-step ∆t is determined by the UVLM discretization, which can be represented as ∆t = c/(
where c is the mean chord length and d is the number of bound chordwise panels. To facilitate a linear time-invariant (LTI) state-space description of the UVLM, the wake is frozen in either a planar or rolled-up configuration. In this study, a planar wake is sought and it has been shown that the computation of aerodynamic loads (used here for the fluid-structure coupling) displayed little differences with free-wake models [30] .
The structural EoM in continuous time are discretized through the Newmark-β method and subsequently coupled with the discrete-time UVLM, arriving at the complete aeroelastic system in state-space representation. As shown in Figure 2 , structural degrees-of-freedom are mapped onto panel collocation points as downwash and in turn, the computed aerodynamic forces are mapped to the structural nodes. A block diagram of the fluid-structure coupling illustrating the flow of parameters is shown in Figure 3 and further details can be found in [34] . The resulting coupled LTI EoM characterizing the full aeroelastic system is
where the state vector defining the aeroelastic system is
comprising the aerodynamics and structural states. The output y contains the lift on each panel and moment about the elastic axis, and are computed from the pressure distribution across each panel using the unsteady Bernoulli equation [33] . The eigenvalues of the state matrix A define the stability of the system.
Numerical Results and Discussions
The aeroelastic formulation is first numerically verified against the Goland wing [35] , which is a generic lifting surface commonly used for benchmarking numerical solutions. It will then be used to model LE tubercles on its baseline and sweptback configurations. 
Numerical Verification
The Goland wing is a rectangular cantilever wing with a semi-span of 6.096 m and chord of 1.829 m. It is a thin lifting surface, providing a simple geometry to investigate the effects of LE tubercles on pre-stall stability using the UVLM. The structural characteristics can be found in Table 1 . The flutter speed (U f ) for the Goland wing in straight flight at sea-level has been reported to be 163.5 m/s in Wang et al [37] . Using the aeroelastic formulation and checking for stability, U f obtained from eigenvalue analysis is 160 m/s using 80 chordwise and 20 spanwise panels. The frequency of oscillation at flutter (ω f ) is around 11.2 Hz and the mode of flutter is comprised of the first bending and first torsional modes as illustrated in Figure 4 . 
Baseline Configuration
As the UVLM requires a structured discretization, chordwise dimensions of the panels are equally distributed despite varying chord lengths due to tubercle peaks and troughs, shown in Figure 5 . As each bound and wake circulation in the UVLM discretization represents a variable, the coupled aeroelastic EoM contain a large number of states. Through a convergence study, a total of 80 chordwise and 24 spanwise panels with 5 wake chords are used for the simulations. This amounts to over 12,000 states, including structural degrees-of-freedom. Each simulation run from the assembly of coupled state matrix to the eigenvalue analysis for each velocity, took approximately 30 minutes on a single processor machine.
Unsteady Aerodynamics and Spanwise Variation of Structural Properties
To understand the contribution of LE tubercles to the unsteady aerodynamics, the coefficient of lift with and without LE tubercles (of wavelength λ = 0.56·c and amplitude a = 0.2·c, where c is the chord) undergoing harmonic motions (of ±10
• AoA) are plotted in Figure 6 . The reduced frequencies of 0.1 and 0.4 are shown corresponding to moderate and highly unsteady flow conditions, respectively. The latter condition of k = 0.4 is close to the reduced frequency at flutter. With LE tubercles, the unsteady aerodynamics are little affected. However, the quasi-steady lift coefficient is reduced by about 1.5% to 2.0% as the wavy leading edge generates local spanwise velocity components that decelerate the flow near the leading edge and thus reducing the leading-edge suction. This reduction in quasi-steady lift has the effect of increasing stability margins (flutter speed).
In order to modify a wing with LE tubercles, material has to be added and removed from the baseline configuration to accommodate for the tubercle peaks and troughs, respectively. As a result, sectional mass will vary spanwise in accordance to the location of the tubercles. This also affects the location of the centre-of-gravity (c.g.) and torsional inertia of the structure. Assuming uniform mass distribution on the Goland wing, the torsional inertia, mass and c.g. locations are varied by the ratio of the sectional chord at various spanwise locations with and without LE tubercles. In addition, it is assumed that The resulting first bending and torsional frequencies for varying tubercle amplitude (of constant wavelength of 0.56·c corresponding to 6 tubercles) and varying tubercle wavelength (of constant amplitude of 0.2·c) are shown in Figure 7a and Figure 7b , respectively. The plots compare between uniform structural properties, spanwise structural variation of torsional inertia alone and that of varying torsional inertia, mass and c.g. positions. As the tubercle amplitude is increased to 0.3·c, the first torsional frequency is reduced by around 2.5%, which can have the effect of reducing stability margins. This reduction in torsional frequency is predominantly contributed by the spanwise variation in torsional inertia. Spanwise variation of mass and c.g. locations further reduces the torsional frequency by around 0.2%. The changes in first bending frequency is only marginal. When the number of tubercles is varied (from wavelength 0.83·c to 0.33·c corresponding to increasing number of tubercles from 4 to 10), the changes in the first bending and torsional frequencies are small. However, as the number of tubercles is increased (reducing λ/c), the frequencies tends toward the baseline configuration due to increasing spanwise averaging of structural properties.
Variation of Tubercle Geometry on Stability
Margins. Separately, the unsteady aerodynamics has the potential of increasing stability margins due to reduced lift with LE tubercles and the structures are seen to reduce torsional frequency such that stability margins could be reduced. It is vital at this stage to investigate how these two counteracting mechanisms affect aeroelastic stability margins when combined.
Two cases of structural configurations are considered here -uniform inertia properties and varying inertia properties such that the torsional inertia, mass and c.g. are varied spanwise to account for the LE tubercles. The effects of LE tubercles with various amplitudes and wavelengths on flutter speeds are shown in Figure 8a and Figure 8b , respectively. In these plots, the vertical axes denote the percentage change in flutter speed due to LE tubercles, taken with respect to the flutter speed of the baseline configuration without LE tubercles. In Figure 8a , as the tubercle amplitude is increased to 0.2·c while maintaining an uniform wavelength of 0.56·c, we observe an increase in flutter speeds of up to 7% for uniform inertia properties. This is accompanied with a slight increase in the frequency at flutter. With spanwise varying inertia properties, the percentage increase in flutter speed is smaller at around 5.5% due to the lower torsional frequencies as observed in Figure 7a . The reduction in torsional frequency is also translated to a decrease in frequency at flutter as shown in Figure 8c .
When tubercle wavelength is reduced from 0.83·c to 0.33·c (i.e. number of tubercles increased from four to ten) with uniform amplitude of 0.2·c, flutter speeds are increased by up to 5.5% for uniform inertia properties and up to 5% for varying inertia properties (Figure 8b ). In the case of frequency at flutter in Figure 8d , the frequencies are higher in the case of uniform inertia properties but lower when inertia variations are considered. The combination of frequency and flutter speed allows us to quantify the stiffness criteria through reduced frequencies [38, 39] . The non-dimensional reduced frequency, given by k = ω f c/(2U f ), where c is the mean chord, provides a stiffness criteria for the lower limit to the ratio between stiffness and flow velocity, below which will result in flutter [40, 41] . Without LE tubercles, the reduced frequency of the Goland wing at Figure 9 . The abbreviations are: a r amplitude at root, a t amplitude at tip, λ r wavelength at root, λ t wavelength at tip, c mean chord. flutter is around 0.418. With increasing tubercle amplitude and wavelength, reduced frequencies are reduced by 6% and 5% in Figure 8e and Figure 8f , respectively, and the percentages for uniform and varying inertia properties overlap. This reduction in reduced frequency is a possible indication of lower structural stiffness requirements for wings with LE tubercles 3.2.3. Spanwise variation of Tubercle Geometry. Tubercle amplitudes and wavelengths could also vary spanwise to take advantage of localized effects. Table 2 shows the percentage change in flutter speeds when tubercle amplitudes and wavelengths are varied spanwise on the Goland wing (including variation of inertia properties). Their corresponding geometries are shown in Figure 9 . Configuration 1a is the baseline wing without LE tubercles while configurations 1b and 1c are with LE tubercle of spanwise uniform amplitudes (0.1·c and 0.2·c, respectively) and wavelength (0.56·c). In configuration 2a, the tubercle wavelength is varied spanwise from 0.70·c to 0.33·c from root to tip (i.e. more tubercles towards the wing tip and maintaining a total of six tubercles) while keeping a uniform amplitude of 0.2·c. The percentage increase in flutter speed is at 2.94%. Conversely, with more tubercles towards the root in configuration 2b, the percentage increase in flutter speed is lower at 1.65%. Varying tubercle amplitude from root to tip while keeping a uniform wavelength in configurations 3a and 3b, the increase in flutter speed is higher when tubercle amplitudes are larger towards the tip.
Config
When both a larger amplitude and a smaller wavelength are concentrated towards the tip in configuration 4a, the increase in flutter speed could be as high as 3.29%. On the other hand in configuration 4b, when tubercles are concentrated towards the root, the effect on flutter speed is minimal at only 0.88%. From an aeroelastic perspective, the wing root experiences smaller displacements/rotations as compared to the tip and hence the aerodynamic effects due to LE tubercles clustered around the root on stability margins are smaller than when they are located near the tip.
Sweptback Configuration
Typical configurations of lifting surfaces have certain amount of sweep and on the humpback whales, the fins are also tapered. As such, the effects of LE tubercles on stability margins in spanwise flow can be further understood from swept configurations of the Goland wing. A typical configuration of the swept wing [42] is shown in Figure 10a where the chord is defined perpendicular to the leading-edge. In this investigation, we consider two swept models -shear-swept and constant length-to-chord ratio [42] . In the shear-swept model (Figure 10b ), the wing is swept back such that cross-sections remain parallel to the freestream. The wing area, span and hence aspect ratio are unchanged through sweep and are compensated by a reduction in chord. In the constant lengthto-chord model, the wing is rotated with the root and tip modified to align parallel to the freestream. The wing area, chord and length are unchanged.
The influence on flutter speeds due to sweep through shear (constant aspect ratio) and constant length-to-chord ratio are shown in Figure 11a . In the shear-swept model, flutter speed exhibits a gentle U-shaped trend as sweep angle is increased. The flutter speed initially decreases due to longer wing length, which is eventually overcome by the increased spanwise flow that stabilises the system. On the other hand, in constant length-to-chord swept wings, flutter speeds falls slightly for 5
• to 10
• sweep and then increases by about 20% at 45
• sweep due to the shorter wing span and increased spanwise flow. This trend coincides with the classical results of Refs [43, 44] . The mode of flutter for both sweep models comprise of the first bending and first torsional modes. With increasing sweep angle up to 45
• , the frequency at flutter is reduced by a maximum of 34% and increased by 4% for the shear-swept and constant length-to-chord swept wings, as shown in Figure 11b . In the former, the reduction in flutter frequency is due to longer wing length (longer beam) as the wing is swept through shear whereas in the latter, the increase in flutter frequency is due primarily to aerodynamic spanwise effects as the wing length is kept constant.
3.3.1. Varying Tubercle Amplitude on Swept Models. In the modifications of the swept wings to accommodate LE tubercles, the amplitudes and wavelengths are parameterized with reference to the chords perpendicular to the leading-edge. The structural properties including mass, torsional inertia and c.g location are also varied spanwise. As sweep angle is increased in both the shear-swept and constant length-to-chord ratio models, LE tubercles of larger amplitudes (while keeping a constant number of six tubercles) have lesser impact on flutter speeds as shown in Figure 12a and Figure 12c , respectively. At 15
• sweep, the maximum increase in flutter speed is around 5% compared to 3.5% for 45
• sweep for both swept configurations. Note that percentages are taken against the respective swept configurations without LE tubercles. The mode of flutter with increased tubercle amplitude for various sweep angles is still dominated by the first bending and first torsional modes.
The reduced effect on flutter speed as sweep angle is increased can be attributed to the spanwise effects of LE tubercles. In the shear-swept wing, the longer wing span increases tubercle wavelength for the same number of LE tubercles, thus reducing the effectiveness of LE tubercles. In the constant length-to-chord ratio swept wing, the effective tubercle amplitude with respect to the swept chord (parallel to freestream) is smaller as sweep angle is increased, thus reducing the effects of LE tubercles on flutter speeds.
3.3.2.
Varying Tubercle Wavelength on Swept Models. When the number of LE tubercles is increased (while keeping a constant amplitude of 0.2·c), flutter speeds are increased for both the shear-swept and constant length-to-chord swept wings. In the former, with flutter speeds plotted in Figure 12b , the effects of a larger number of LE tubercles on flutter are smaller as the sweep angle is increased. At 15
• sweep, the maximum increase in flutter speed is around 5% compared to 4% for 45
• sweep. This is attributed to a larger tubercle wavelength from longer wing length. Note that the wavelength intervals λ/c differ among the shear-swept angles due to varying wing length but they indicate an increase in number of LE tubercles from four to ten.
In the wing swept through constant length-to-chord ratio in Figure 12d , as the number of LE tubercles is increased, there is an increasingly similar influence on flutter speeds as the sweep angle is increased. With only four LE tubercles (wavelength of 0.83·c), the 45
• swept wing has a smaller influence on flutter speed compared to a 15
• swept wing. However, the differences are reduced as the number of tubercles is increased. The mode of flutter remains as a coupling between the first bending and torsional modes.
Conclusion
Bio-inspired engineering may provide ideas to improve existing aerodynamics but thorough analysis is still required before they can be applied to flight or industrial uses. We have shown that leading-edge tubercles increase stability margins for a given amount of lift, offering an additional advantage to stall delays. The aerodynamics and spanwise inertia variations with LE tubercles have counteracting effects on stability margins, with the former increasing stability margins due to reduced lift and the latter reducing stability margins from lower torsional frequencies. When coupled in an aeroelastic description, stability margins are dominated by the aerodynamics where flutter speeds are increased by up to 5% with six LE tubercles of amplitude 0.2·c. The mode of flutter is unchanged through LE tubercles and consist of a coupling between the first bending and first torsional modes. Both tubercle amplitude and wavelength have similar influence over the flutter speed and wings modified with LE tubercles can benefit from lower structural stiffnesses to maintain the nominal stability margin. It is also shown that LE tubercles concentrated towards the wing root have a smaller effect on stability margins. When placed on swept wings, LE tubercles have smaller effects on flutter speeds as the sweep angle is increased. The current investigation have illustrated LE tubercles on a typical wing and demonstrated different tubercle configurations in chordwise and spanwise flow conditions on stability margins.
